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Abstract 

Supergravity tensor calculus in five spacetime dimensions is derived by dimensional 
reduction from the d = Q superconformal tensor calculus. In particular, we obtain 
an off-shell hypermultiplet in 5D from the on-shell hypermultiplet in 6D. Our tensor 
calculus retains the dilatation gauge symmetry, so that it is a trivial gauge fixing to 
make the Einstein term canonical in a general matter- Yang- Mills-supergravity coupled 
system. 
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1. Introduction 



Many physicists have recently been studying seriously the revolutionary idea that our 
four-dimensional world may be a '3-brane' embedded in a higher dimensional spacetime. This 
idea should provide us with many new ideas and demands reconsideration of various problems 
in unification theories; e.g., gauge hierarchy, & supersymmetry breaking, hidden sectors, 
0* fermion mass hierarchy, S* cosmology and astrophysics. & 

This idea originally came from string theory, 0* which now has become recognized as not 
merely the theory of strings, but the theory describing the totality of various dimensional 
branes. Hofava and Witteni^ introduced this type of idea for the first time in their investiga- 
tion of the strongly-coupled heterotic string theory. They argued that the low-energy limit is 
described by eleven- dimensional supergravity compactified on jZ^, an interval bounded by 
orientifold planes, and that a ten-dimensional super Yang-Mills theory appears on each 
plane. Regarding one of the planes as 'our world' and the other as 'hidden', they offered an 
interesting proposal for resolving the discrepancy between the GUT scale and the gravity 
scale. 

As a toy model for more realistic phenomenology, in which 6 of the transverse 10 dimen- 
sions should be compactified, Mirabelli and Peskini^ considered a five-dimensional super 
Yang-Mills theory compactified on / Z2 and clarified how supersymmetry breaking occur- 
ring on one boundary is communicated to another. They presented a simple algorithm for 
coupling the bulk super Yang-Mills theory to the boundary fields with the help of off-shell 
formulations. It is clearly important to generalize their work to more realistic models in 
which the bulk is described by five- dimensional supergravity. 

One (presumably, the main) obstacle to this investigation has been the lack of an off- 
shell formulation of five dimensional supergravity. It is quite recent that such an off-shell 
formulation was first given by Zucker.i^ In a series of two papers, he presented an almost 
complete supergravity tensor calculus, including the 40+40 minimal Weyl multiplet, Yang- 
Mills multiplet, linear and nonlinear multiplets, and an invariant action formula applicable 
to the linear multiplet. Unfortunately and strangely, however, the most important matter 
multiplet in five dimensions, called a hypermultiplet or scalar multiplet, was missing there. A 
general system of five- dimensional supergravity should necessarily contain hypermultiplets. 
Actually, an explicit form of the action for the general matter- Yang-Mills system coupled to 
supergravity would be very important and useful for phenomenological work, as we know 
from the example of the work of Cremmer et al.0'' on = 1, = 4 supergravity theory. 

In this paper, we present a more complete tensor calculus for 5D supergravity including, 
in particular, the hypermultiplet. We derive it using dimensional reduction from the known 
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d = Q superconformal tensor calculus, which was fully described in an excellent and elaborate 
paper by Bergshoeff, Sezgin and Van Proeyen, referred to as BSVP henceforth. The 
advantages of this dimensional reduction are two fold: One is obviously that we need not 
repeat the trial-and-error method to find the multiplet members and their transformation 
laws. Everything is in principle straightforward, and we can use all the formulas known 
in 6D. Secondly, the supergravity structure, like supersymmetry transformation laws, is 
actually simpler in 6D than in 5D, because of its larger symmetry. Knowing the relations 
between covariant derivatives and curvatures in the 5D and 6D theories, we can obtain 
deeper understanding of the group structure of 5D supergravity. (Even in applications other 
than constructing 5D tensor calculus, such knowledge may become useful.) Moreover, we 
can inherit the advantage of superconformal symmetry of the original 6D theory. Indeed, 
we retain the dilatation gauge symmetry also in our 5D tensor calculus, and this makes it 
so that a trivial gauge-fixing renders the Einstein- Rarita-Schwinger term canonical. Ill-* 

The rest of this paper is organized as follows. In §2, we explain in some detail the 
dimensional reduction procedure to obtain our 5D supergravity tensor calculus from the 6D 
superconformal one of BSVP. We also present there some general discussion on the covariant 
derivatives and curvatures, which applies both to supergravity and superconformal theories 
and turns out to be very useful. Based on this, the transformation law is derived for the 
40+40 minimal Weyl multiplet in 5D. Then the transformation laws of Yang-Mills, linear 
and nonlinear multiplets can be found straightforwardly, as given in §3. However, we need 
a method to obtain an off-shell hypermultiplet in 5D from the 6D one which exists only as 
an on-shell multiplet. As explained in §4, we make it off-shell in our reduction procedure 
using a method similar to that known in ci = 4 case.lii* The invariant action formulas for 
the kinetic terms as well as mass terms for such off-shell hypermultiplets are also derived 
there. Other invariant action formulas and some embedding formulas are given in §5. The 
final section is devoted to summary and discussion. 

We here note that we adopt the metric rjab = diag(+, —), which is different 
from that of BSVP, but we think it is more familiar to phenomenologists. Our notation and 
conventions are given in Appendix A, where some useful formulas are also given. The results 
of the 6D superconformal tensor calculus of BSVP that we need in this paper are briefly 
summarized in Appendix B. 



2. Dimensional reduction and 5D Weyl multiplet 
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2.1. Dimensional reduction and gauge- fixing 

Our starting point is the superconformal tensor calculus in c? = 6 dimensions given by 
BSVP0 and summarized in Appendix B. The superconformal group in six dimensions is 
0Sp{6, 2|1) ^ 05*^(411; H) which has the generators 

-fa_) -^ab^ Uij, D, Ka, Qai, Sai, 

where a,b,--- are tangent vector indices, a is a spinor index, and i,j,--- = 1, 2 are SU{2) 
indices. Pa and represent the usual Poincare generators, Uij represents the SU{2) 
generators, D is the dilatation, Ka represents the special conformal boosts. Qai represents 
the supersymmetry and Sai represents the conformal supersymmetry, both of which are 
S'f/(2)-Majorana-Weyl spinors. The gauge fields corresponding to these generators are 

ej, VI (2-2) 

respectively, where the spinor indices of the gauge fields ip * and * are suppressed. 

The local superconformal algebra in c? = 6 can only be realized by adding a suitable 
'matter' multiplet to these gauge fields, and the Ai", K and S gauge fields, cj^— , 0^, 
become dependent fields through a set of constraints, (B-1), imposed on the curvatures. 
Then, the algebra is realized on the set of 40 Bose plus 40 Fermi fields 

e% Vl b^, T^, x\ D, (2-3) 

called minimal Weyl multiplet, where the last three fields, an anti-self-dual tensor T^'^^, an 
5'[/(2)-Majorana-Weyl spinor x*, and a real scalar D, are the added 'matter multiplet'. 

We generally add underlines to the quantities in 6 dimensions when necessary to distin- 
guish them from those in 5 dimensions. In particular, the Lorentz index is a = (a, 5), and 
the world vector index is /i = (/i, z); we use z to denote both the fifth spatial direction and 
the coordinate itself, = = z), since we must distinguish the curved index fifth 

spatial component Vz = Vfj^=^ from the flat index one = Va=5- 

We now perform a 'trivial' dimensional reduction from 6 to 5 dimensions, by simply 
letting all the fields and local transformation parameters be independent of the fifth spatial 
coordinate z. As in the usual procedure, 0) we fix the off-diagonal local Lorentz Ma^ gauge 
by setting e " = 0, and then the sechsbein and its inverse take the forms 



e^=i " \ / , ea-= " " " n • 2-4 

As is well-known since the work of Kaluza and Klein, the field appearing in the off- 
diagonal element becomes a U{1) gauge field which we call a 'gravi-photon'. Under the 
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general coordinate (GC) transformation 5gc(^~) iii 6D with the transformation parameter 
^- = i^^,^^) taken to be 2;-independent, any field with a world vector index (e.g., gauge 
fields) = {h^,h^) transforms as 

SGc{C-)h, = ■ + CdA, = Sccinh, + d,C-h,, (2-5) 
^Gc(e-)/^. = Cduh, = SGciOh., (2-6) 

where Scci^") is the GC transformation in 5D. For the gravi-photon = e^e|, in particular, 
we have 

SGc{C-)A, = 5GcinA, + d,e, (2-7) 
showing that actually transforms as the U{1) gauge field for the transformation parameter 
The discrepancy between the 6D and 5D GC transformations on the other vector fields 
[the second term d^C,^ ■ in Eq. (2-5)] can thus be eliminated by redefining the field as 

h^ = h^-A^h,, (2-8) 

which we, therefore, identify with the vector (or gauge) field in 5D. But we note that this 
identification rule can be rephrased into a simpler rule:B Any field with flat (local Lorentz) 
indices alone is the same in 6D and 5D. Indeed, if converted into flat indices, we have 
lla = ^ahin+^lihiz = ^aihLfj,—A^hz) = ^a^^i = ha- Wc hcucc adopt this rule throughout in our 
dimensional reduction. Thus we can omit the underlines for the fields with flat indices alone. 
The 2;-component h^ is just a scalar in 5D and may be denoted hz without an underline. 
For the fields with upper curved vector indices, we have h^ = h^, h^ = ah^ — Aah"". 

Now, the 6D GC transformation 5gc('C~)) which appears in the supersymmetry trans- 
formation commutator [5 q(£:i), 5 Q(e2)] with ^- = 2zei7%2, reduces to the 5D one, 5gc(C'^), 
plus the U{1) gauge transformation 5z{^^)-, which acts only on the gravi-photon field A^ 
among the gauge fields as 

5z{e)A^ = d,e. (2-9) 

Below, we identify this transformation 5z{0) with the central charge transformation act- 
ing on the hypermultiplet fields, which is originally the fifth spatial derivative in their 
supersymmetry transformation law in 6D. 

The spinor fields in 6D superconformal theory are all S'^(2)-Majorana-Weyl spinors t/i!^ 
satisfying simultaneously the S'^(2)-Majorana condition 

^i^(^±,)V = (V;yTC:, (2-10) 

and the Weyl condition (of positive or negative chirality) 

7^^^ = (2-11) 
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where 7- and C_ are 8x8 Dirac gamma and charge conjugation matrices in 6D, and 7^ = 
— 7*^7^ . . . ^5. To make contact with the 4-component spinors in 5D, we can use the following 
representation of the 6D gamma matrices 7- given in terms of the 5D 4x4 ones 7"^ satisfying 

['7« = 7'^®(Ti for a = 0,1,2,3,4, 

< f = U^ia2, (2-12) 

. I7 = ■ ■ ■ 7^ = I4 ® 0-3 • 

The charge conjugation matrix C_ in 6D is given by the 5D one C as 

Q=C®ia2. (2-13) 

Then the S'^(2)-Majorana-Weyl spinors ip^. in 6D reduce to the forms 

and both are now the 4-component S'f/(2)-Majorana spinors in 5D satisfying 

^^^(V^,)t70 = (V;TC. (2-15) 

Thus the spinors appearing in 5D are all of the 5'f/(2)-Majorana type, and we generally use 
the same symbols to denote the spinors in 5D as those used by BSVP, although they are 
actually related by Eq. (|2-14| ). 

In reducing to 5 dimensions by setting = 0, it turns out to be simpler to also fix the 
conformal S and K gauge symmetries by using the following gauge-fixing conditions: 

M„5: e: = 0, S': = 0, 

Ka. b^-a'%a = 0, K,: b, = 0. (2-16) 

The S gauge is chosen to satisfy ipl = (implying also ipz = e^Vs = 0), so as to make the 
condition e ° = invariant under the supersymmetry transformation, 6Q{e)e^ = —2ie'y°"ipz- 
Note that this gauge also implies the Q-invariance of the 'dilaton' field a = (e^)~^ = e|. 
Moreover, the Ka gauge 6^ = a~^df^a is chosen so as to make a also covariantly constant 
Vfj,a = dfj,a — b/j^a = in the reduced 5D theory, as we see below. Thanks to these two 
properties, the field a carrying Weyl weight w = 1 can be treated as if it were a constant 
and is freely used to adjust the Weyl weights of any quantities to arbitrary desired values. 
We, however, keep the dilatation gauge symmetry unfixed, since it becomes useful later when 
we change the Einstein-Hilbert and Rarita-Schwinger terms in the action into canonical form. 
We here note that the extraneous components o;^"^ and lj^— of the spin connection u^— 
given by Eq. (B-2) now take the following simple form under these gauge-fixing conditions: 

e'^'^V^ = cu,''' = -^F''\A), ^5'^' = 0. (2-17) 
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Table I. Weyl multiplet in 5D. 



neld 


type 


restrictions 


bU{2) 


Weyl-weight 


o, 

< 


boson 


funfbem 


1 


— 1 




fermion 
boson 


5f/(2)-Majorana 

yij ^ yji ^ _y* 


2 
3 


1 
2 



A 

a 


boson 
boson 


gravi-pnoton = e^e^ 
'dilaton' a = el 


-1 
i 

1 


U 
1 




boson 


fj = pi = -t*. (= -Vi^) 


3 


1 


Vab 

c 


boson 
fermion 
boson 


Vab = -r~fe5 + -h^ab{A) 

5t/(2)-Majorana 
real 


1 
2 
1 


1 

3 
2 

2 


dependent gauge fields 




boson 


D gauge field h^ = a ^d^a 


1 







boson 


spin connection 


1 






Here F^^{A) is the supercovariantized field strength of the gravi-photon: 

F^,{A) = Ff,,{A) - 2ia^^ilj,, F^,(v4) = 29[^A,]. (2-18) 

Here a summary of the 5D field contents and their notation may be in order. The fields 
we are now treating all come from the 40+40 Weyl multiplet (|2-3|) in 6D, and we also call 
them a 5D Weyl multiplet. Since ip^ and are eliminated by the above gauge fixing, the 
remaining fields are now 

t: - €^ 

X\ D^D. (2-19) 

The quantities on the right-hand sides of the arrows here, e^, A^, a, V^^ , f^, ip^^, Vab, Xi 
and D, denote our 5D fields. The fields and Vab are defined to be particular combinations 
of the fields in order to simplify the expressions of the supersymmetry transformation in 5D. 
In the same sense, it turns out to be convenient to use the following spinor field and scalar 
field C in place of and D, respectively: 

C = ^[D- |7^(M) + 15vv - ^F{A)-F{A) - SOf^t^,) . (2-20) 



A 



y 



yn 
= 



a 



abc 



Vab = -T^b5 + 4^^abiA) 



X 



i 
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Here iZab{Q) and iZ{M) are the curvatures in 5D theory discussed in detail below, and 05 
is the fifth spatial component of the 6D S'-gauge field 0a- The members of the 5D Weyl 
multiplet are listed in Table |. 

The supersymmetry transformation in 5D is found as follows. The S and Ka gauge- 
fixing conditions in (2-16) are not invariant under the original Q transformation 5 Q(e) in 6D. 
The deviations of 6_q{£)iI)\ and 5_Q{e){h^j_ — a~^d^a) from zero of course can be transformed 
back to zero by suitable S and Ka gauge transformations. Thus the following combined 
transformation of Q, S and K is found to leave these conditions intact, and can be defined 
to give the supersymmetry transformation 5q(£) in 5D: 

5Q{e)=5_Q{e) + 5sHe)) + 5K{i%{e)), 

with r/(e)* = -^^.F{A)e^ - {^-ve^ - i^e^ , 

e^(£) = z£(05+2^x) = ^'^^X- (2-21) 

Here, j-T for any tensor Ta^...a„ generally denotes the contraction 7°i"'""Ta^...a^. Note that 
the spinors in these expressions and the following already stand for the 5D 4-component 
spinors defined on the right-hand side of Eq. ( p-14| ) . 

Now it is straightforward to obtain the supersymmetry transformation laws of the Weyl 
multiplet in 5D from the superconformal transformation laws (B-3) in 6D by using Eq. (2-21). 
Before doing this, however, it is better to define the covariant derivatives and to derive 
the relations between curvatures in 6D and 5D, since they appear in the supersymmetry 
transformation laws. 



2.2. Covariant derivative and curvatures 

We now give somewhat general discussion on the curvatures in supergravity. (Also see the 



discussion in Refs. |T5|) and |T^).) Let {X^} denote a set of local transformation operators 
acting on the fields 0, e^X^cp = 6^{e)(f), and satisfy the graded algebra 

[Xa, Xs} = fAB^Xc. (2-22) 

/^B*^ here in general depends on the fields and we call it "structure function". In the 
(Poincare or conformal) supergravity theory, the set {^a} contains the 'translation' Pa, 
which plays a special role. The transformation operators other than Pa are denoted Xa 
with no bar over the index A. Let us now introduce two kinds of covariant derivatives, 
excluding and including Pa covariantization: 

P^0 = 9^0 - h^XA(p, V^0 = 9^0 - h^XA<p = V^ct> - elPaCt>. (2-23) 
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Here, are gauge fields, and sums over the repeated indices A and A are implied. The 
operator is the 'usual' covariant derivative, fully covariant with respect to all the gauge 
transformations, while is the covariant derivative adopted in supergravity. Then, as in 
Yang-Mills theory, imposing the covariance of the 'usual' one [i.e. X^(V^0) = V^(X^0)] 
determines the transformation law of the gauge fields as 

e^X^h^ ^ 5{e)hi = d,e^ + e'^/^J/^c^, (2-24) 

and the commutator of defines the curvature tensors Rfj,u^ in the form 

[V„V,] = -R,,^Xj ^ R,/ = 2d[X]-h'i:hffBc^. (2-25) 

Now, the particular feature of supergravity is the stipulation that the 'usual' covariant 
derivative vanish on any matter field (p carrying fiat indices alone: 

V^0 = O ^ V^(t) = elPa(t). (2-26) 

In supergravity, thus, the only meaningful covariant derivative is "D^, whose fiat index version, 
f)a = e^P^, gives meaning to the 'translation' transformation Pa. This stipulation embodied 
by ( ^-26 ) can be imposed if and only if 



[V^, v.] = ^ i?^/ = (2-27) 
is satisfied. The curvature in supergravity, Rab"^, is defined via the fiat Va by 

[^a, '^b] = —Rab^X^ = —Rab- (2-28) 

Without carrying out cumbersome computations going back to the original definition of P^, 
we can immediately find the following simple expression for this curvature, 

= eyjab^ = 2d[X] - KhffBC^. (2-29) 

where the prime on the structure function indicates that the [Pa, Pb\ commutator parts fab^ 
are excluded from the sum. The first equality follows from the relation 'Da = Pa-, holding on 
any fiat-indexed fields 0, and 

- Rab^ = [Va, = [Pa, Pbf = fab^, (2-30) 

and the second equality follows from R^u"^ = and Eq. ( |2-25| ). Conversely, if R^u^ is defined 
by Eq. ( |2-29| ), then Eq. ( |2-28| ) follows, of course, and it can be used as a convenient formula. 
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Another convenient formula also follows immediately from [JC^,X>a] = [Xyi,i-'a] = fAa^^s 
for the transformation 6{e) = s^Xa not including Pa- 

5{e)V,(t> = e^A{XA<P) + e^fAa^Xj^<l). (2-31) 

Using the Jacobi identity [X, [Da, V^] ] + (permutations) = and the additional infor- 
mation that fab'^ = —Rab^{P) = and fas'^ = const, holding generally in supergravity, we 
can obtain the following Bianchi identities: For X = P^, we have 

'i^[aRbc]^ = —R[ab^ fc]B^, (2-32) 
R'iab'^fclA^ = 0, (2-33) 

and for X = Xa and 6{e) = e^Xa, we obtain 

S{£)Rab'^ = '^£^'^[afb]B^ + '^^^ fB[a'~^ fb]C^ ~ R-ab^ f Bc"^ , 
Rab^S^fAB^ = '^^^i A{a^ fb]^ ■ (2-34) 

Finally in this general discussion, we add a remark on the meaning of the P transformation 
^p(0 = ^"-Fa on the gauge fields h^. The GC transformation of given in Eq. (2-5) can 

^GdnK = r/^f^B/^f + CR,/- (2-35) 



be rewritten by using Rnv^ in the form 



Using R^y^ = and extracting the Pa term from X§, we find 

Spmi = [ScciC = - Ch^Xs] h^. (2-36) 

Comparing this with (5p(^)</) = ^"'Va'P = {.i^d^—^"'haXB)<t> for the flat quantity the simple 
derivative term ^^d^ is replaced by the GC transformation 5gc(^'^) here. Thus the replace- 
ment ^^d^ ^Gcii^) should be generally understood in ^""Va if acting on quantities with 
curved indices. This is a general rule, because the vielbein obeys it, and the conversion 
of flat indices into curved ones is performed using the vielbein. 

The discussion up to this point is general and applies, in particular, both to the present 6D 
superconformal theory and 5D supergravity, which we obtain from it. Again, to distinguish 
them, we write the covariant derivative and the curvatures in 6D with underlines as P„ and 
Kab^^ while those in 5D as Va and TZab^- 

To find relations between Rab"^ and TZab^ by using the formula ( |2-2(j| ), we first need the 
relation between the covariant derivatives Va and Va. Note that, in the 5D reduced theory, 
the transformations {X^} are only 

Pa, Mab, Uij, D, Q„„ Z; (2-37) 
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that is, Ma5, Sai and Ka have disappeared in reducing from the 6D superconformal theory, 
whose generators are given in Eq. ( p-lD . Using the definition ( p-23| ) of the covariant derivative 



and noting also the relation (2-21) of the Q transformations in 5D and 6D, we find 

V, = Szia) - 5m(u;5-) + W') - - SkM') - Sg{W,) . (2-38) 

Note here that the fifth spatial derivative in has been identified with the central 
charge transformation Z, so that contains e^dz — > <yZ = 6z{<y) and 'D^ also contains 
e^dfj^+e^^dz = da—AaZ. The identification = Z holds exactly on the hypermultiplet, which 
we discuss below, and, moreover, it is also consistent with the previous central charge term 
5z{^'^)A^ = dfj,^^, which appeared as a part of 6D GC transformation of the gravi-photon 
in Eq. (|2-71 ). Actually, as remarked above, the derivative term C,^dz in the covariant derivative 
^^V^ should be understood as the GC transformation 5gc(^^) on the gauge fields and, on 
A^, it indeed yields Sqq{^^)A^ = d^^^. This explains the reason that the gravi-photon is 
identified with the gauge field corresponding to the central charge of the hypermultiplet. 
Note also that if Yang-Mills fields with gauge group G are coupled to the system we 
should also include G-covariantization in V^, so that Va contains —SciWa) implicitly and 
contains —SciW^) as written explicitly in the last term. 

Using the relations in (2-38) and the formula (|2-28|) we obtain equations of the form 



= [A, Sz{a)] = + ■••, + ■■■]= + ■■■ • (2-39) 

The commutativity of the central charge with Va in the second equation implies the f/^(l)- 
covariance of the latter and should hold as a result of the identification dz = Z on the 
hypermultiplet. (Confirming this directly on the gauge fields is also straightforward.) We 
can obtain various relations from these equations (2-39) by comparing the coefficients of each 
generator Xa on both sides. For example, the terms proportional to the central charge Z 
in the first equation yield 

FabiA) = -2au;[abf, (240) 

where iZ^y{Z) here is denoted by the more common notation F^y{A). The terms proportional 
to Pa and Z in the second equation give, respectively, 

O^as' = ^^a\ (^5"' = 0. (2-41) 
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Similarly the following relations can be found: 

RabiQ) = nab\Q) - 27[a{06] " ' 
+ 8{/[a[^-efe(V[a)}e6]'^], 

R,a'\M) = ^FUA)F'>^{A) + 2{f,' - C^i^l^,)} + 2/5^e„^ , 
R,J'{U)^Af', 

Rab'KU) = nab'^U) - lF,b{Ay' . (2-42) 

Putting these into the constraints (B-1) on the 6D curvatures ^^j,"^(M) and ^^^(Q), we 
obtain 

/a" - a(V'a) + h' = ^^(M) + ^MAf - , (2-43) 
UabiM) = UacMM) , n{M) = na\M) . (2-44) 

2.3. Supersymmetry transformation law of the Weyl multiplet 

The commutation relation for the 5D supersymmetry transformation Sqle) given in 
Eq. (2-21) is now easily found from the superconformal algebra (B-6) in 6D with the help of 
the relations (2-38) of covariant derivatives: 



Mei), SQ{e2)] = + 6z{ae) + 6M{^eF{AU + Ucdv"" + 20i,) 

+ 5u{-2,et'^ - ^aF{Ar - 2e>«''), (2-45) 

where 

e = 2i£i7%, ^5 = -2i£i£2, Ucd = 2ieijabcde2, C = 2i£?7a&£f (2-46) 

If we use the relations (2-38) and (2-42), it is now straightforward (although tedious) to 
obtain, from (B-3) and (B-5), the following supersymmetry transformation law for our Weyl 
multiplet in 5D. With 5 = 5q(£), 

5e/ = -2z£7»^^, 
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6a = 0, {V^e' = d.e' + \h^e' - ^Tafe^' - V; ,e^) 
5A^ = 2iaeipf„ 

= 4ie^'x^\ 



cdi 

' J 



SVab = \£labcdR''"^{Q) - '2i£'JabX 

in J _ 1 

2^^ 32a 



5C = -2ieTpx + 22i£*x^tij- - ?>ie-i-vx - ie'i^'^nab^ {Q)t 



5^/" = -2^£7['^7^/](Q) - ie^,it\Q) 

+ f - 2ier''"'i',v^ - Ate^r'^'^Uj. (2-47) 

Here x* and C are the redefined fields from and D in Eq. (2-20), and we have also written 
the transformation law of the spin connection, although it is a dependent field given by (from 
Eq. (B-2)) 

u;^"'' = + i(2V^^7[>^l + ij^-f^ip^) - 2eJ:''a-^d^^a. (2-48) 

The [Sq, Sq] commutation relation (2-45) can also be read directly from the structure func- 
tions appearing in Eq. (2-47): comparing Eqs. ( p-22|) and (|2-24| ), we see that, for instance, the 
last three terms in 6uj^'^^ and 6V^^ just give the 6m and 6i/ terms in Eq. (2-45), respectively. 

When deriving these transformation laws (2-47), we need the following transformation 
laws of curvature tensors, which follow from the formula (2-34): 

6Fab{A) = 2iaeRab{Q). 

6n{M) = Aieb'^^^iZabiQ) + 4^£7"^^<^7^„6(Q)^W + ^lei^'llbciQV a 



a 

5^-n\Q) = 2(P,7-i;)7V - 107VP^,6 - ^^e'V'FabiA) + Sff ^e' 



+ ^er'nbc{Q)F\{A) - ^eRab{Q)F''\A) + Stt^-W{Q)U^, 



+ ^'^''''e\2vabVcd - lvabFcd{A) - ^Fab{A)F,,{A)] 
+ ^^'^''e'FaMW - l2^-vt'je^ - l^i-F{A)f,E^ - i-iV,{U)e^ 
- [\n{M) - Qvv + ^F{A)-F{A) + 2QtKt^,)e\ (2-49) 

We also need the Bianchi identities following from Eq. (2-32): 

V^aFbciA) = Q. (2-50) 
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We will not need explicit expressions for our 5D curvatures in this paper, but we list 
them for the reader's convenience: 

7^^/''(M) = 2d[^u,f' - 2cu[^["^a;,]/] + Ai^^^^^^TZ^^'^Q) + 2^V^[^7,]7^'^''(Q) 

- ^^,^J''\A) + 2i^^,r""'^.v,d + 4#;7"V^t., , 

- ^i,^;^-F{AWj - Ai^^^^-vi^i^ + Q^Mut'' ■ (2-51) 

In the following, a quantity C appears. This is related to C (or D) and the scalar curvature 
7^(M) as 

C^\D + AUa''-iWa) + h') 
= C+ \n{M) + ^F{Af - vv + 2fjt^i . (2-52) 

§3. Transformation laws of matter multiplets in 5D 

Now it is straightforward to derive the supersymmetry transformation rules for the matter 
multiplets in 5 dimensions from the superconformal rules in 6D given by BSVP, which are 
summarized in Appendix B. We can simply apply the formulas (2-21) and (2-38) for our 
supersymmetry transformation Sqle) and covariant derivative P^. 

In the following we omit explicit expressions for the covariant derivatives T>^(j) on various 
fields for conciseness. In our 5D calculus we have 

V,<p = [d, - (5m«) - Su{V;^) - Soia-'d^a) - 6z{A,) - 6g{W,))<P, (3-1) 

where T>^ is covariant only with respect to homogeneous transformations Mat, Uij, D, Z 
and G (Yang-Mills gauge transformation). The transformation rules under such homoge- 
neous transformations are obvious, and are the same as those given in (B-4) for the 6D case. 
The supersymmetry transformation rules are explicitly given below for all the fields, so that 
the covariant derivatives will be clear. 

3.1. Vector multiplet 

The vector multiplet in 5D derived from the 6D one consists of the fields given in Table 
where the real scalar M comes from the fifth spatial component of a 6D vector, M = —W5 = 
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Table II. Matter multiplets in 5D. 



field 


type 


restrictions 


SU{2) 


Weyl-weight 


Vector multiplet 




boson 


real gauge field 


1 





M 


boson 


real, M = - W^ 


1 


1 




fermion 


5[/(2)-Majorana 


2 


3 
2 


Y 


boson 


yii — yji — _Y* 


3 


2 


Linear multiplet 


1)3 


boson 


^ij ^ ijt ^ -(Lij)* 


3 


3 




fermion 


5'[/(2)-Majorana 


2 


7 
2 


Ea 


boson 


real, constrained by (3-6) 


1 


4 


N 


boson 


real, = -E^ 


1 


4 


Nonlinear multiplet 


a 


boson 


{<pry = -<Pl 


2 





X' 


fermion 


5C/(2)-Majorana 


2 


1 
2 


Va 


boson 


real 


1 


1 




boson 


real 


1 


1 


Hypermultiplet 


At 


boson 


Al, = e^afp^„ = -{Atr 


2 


3 
2 




fermion 


C = (Ca)Wo = C"^^^ 


1 


2 


•'i 


boson 




2 


5 
2 



—aWz- Note that it carries a Weyl weight ty = 1, since w{a) = 1 and u'(W^) = 0. As in 
6D, all the component fields are Lie-algebra valued, e.g., M is a matrix M"^^ = M^(tyi)"^, 
where the tA are (anti-hermitian) generators of the gauge group G. The Q transformation 
rules are found from (B-7) to be 

5M = 2ief2 , 

5n' = -\j-G{W)e' - l^^e'VaM - Y'^Sj , 

5Y'^ = 2ie^'ff2^^ - ie^'-f-vf}^^ + 2ieH^\Q^ + AieQf^ - 2ige^'[M, f2^^] , (3-2) 

where g is a. gauge coupling constant and Gab{W) is the following combination of the super- 
covariant field strength Fab{W) of and that of the gravi-photon A^: 

GabiW) = Fah{W) - ^MFah{A), (3-3) 
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which is actually the field strength F_ab(W) in 6D. The gauge group G can be regarded 
as a sub-group of the super group, and the above transformation law of the gauge field 
Wfj, provides us with the additional structure functions, fpq^ and fqq^. For example, the 
transformation law of this mixed field strength can be obtained easily from (2-34): 

- ^s^c[a^FhfiA) - Ats'^ab^H,, . (3-4) 

3.2. Linear multiplet 

The linear multiplet consists of the components listed in Table |I| and may generally carry 
a non-Abelian charge of the gauge group G. A point which should be noted in the reduction 
in this case is that, for later convenience in constructing actions, we have lowered the Weyl 
weight of this multiplet in 5D by one from that in 6D by multiplying each component field 
by a~^. 

The Q transformation rules following from (B-8) read 

+ l^^e'Ea + \e'N + ^^■F{A)ejU^ + , 
5Ea = 2^£7afe^V - ^eiabc^F^'^A) + ^e-i'^Fab{A) - 2ie-iabc^v''' + ^ie-i\vab 

- 8ie'-fa^Hij + 2ie'-fabcn^^KQ)Uj + 2ige-iaM^ - Aige\f2^ Lij , 
6N = -2iepip - 3ie-fVip - 2ie^-fW{Q)L,j - lOitifiHij + Aige'n^Uj . (3-5) 

This multiplet apparently contains nine Bose and eight Fermi fields. Thus closure of the 
algebra requires the following Q-invariant constraint, which also follows directly from that 
in 6D, (p^ ): 

V^Ea + i^-i-n{Q) + gMN + AigQ^^ + 2gY'^ Lij = 0. (3-6) 

When the linear multiplet carries no gauge-group charges (i.e., g = in the above 
transformation law), the constraint (3-6) can be solved with respect to E"-. Indeed, the 
constraint can be rewritten in the form e~^d\{eV'^) = with 

V-A ^ gA^a ^ 2z^/'p7^V + 2iij'^j^>'''tPiLij. (3-7) 

Hence there exists an antisymmetric tensor gauge field E'^'^, which is a tensor-density and 
possesses an additional gauge symmetry 6E^'-' = dp{A^'^P): 

eV^ = -dpE^f E'' = -e'^lVuE^", (3-8) 
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where TD^E'^'^ is defined by 

V.E^" = d.E^^" + 2^eV^,7'^V + 2«eV^t7^"''V^^^ii • (3-9) 

Because of tlie covariance of E"-, the Q transformation law of E'^'^ must take the following 
form, which is also in accordance with a direct calculation: 

SEf"" = -2ieeY''^ - ^iet^y^^^ipiLij. (3-10) 

3.3. Nonlinear multiplet 

The nonlinear multiplet is a multiplet whose component fields are transformed nonlin- 
early. The component fields are also shown in Table |T|. The first component, carries 
an additional gauge-group SU{2) index a (= 1,2), as well as the superconformal SU{2) in- 
dex i. The index a is also raised and lowered by using the invariant tensors and eQ/j, 

= e'^''e^p = 5%. (3-11) 

The field takes values in SU{2) and hence satisfies 

<P',<Pt = s], = (3-12) 

The Q transformation laws of the nonlinear multiplet, following from (B-10), are 

6Va = 2ie^abV'\ - j^e^abc\F'\A) + 2ie^''\vab 

- %e^al-V\ - le^aW^ - 2teaa^af^'^X' - Aige'^an,pi<P'', 
+ Aie-iaX - ^e^al'"'nUQ) - 2tE'^aX'U, - 2tgeaaX' M^^^^^ , 

6V, = 2ieTf>\ - j^e^-F{A)\ - ier'n,,{Q) + Aiex 

- ie^-V\ - leW^ + ie^-v\ - 2iei<P'J)<P'^X^ 

- 2zge,X^M^<Pl,<P^ - 4zgtf2,'^p<Pi$^ . (3-13) 

As in the linear multiplet case, the nonlinear multiplet also needs the following Q-invariant 
constraint for the closure of the algebra: 

2C + VaV^ + 2i\Tl)\ + W'J)a<^t - \v^Va + 

+ 2gY,^^p<F^<P^^ - 8tgyf2,'l<Pi<P^ + 2igyX^ M^^^i'p'^ 



+ fjt\ - 2gM^pf^$t$^ + ^'M|Mf = 0. (3-14) 
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§4. Hypermultiplet 

4.1. Off-shell hypermultiplet 

The hypermultiplet consisting of a boson Af and a fermion in 6D is an on-shell 
multiplet, and thus the supersymmetry algebra closes only when it satisfies the equations 
of motion. When we go down to 5D, we can make it an off-shell multiplet. The procedure 
is essentially identical to that known for the 4D case. The only difference is that the 

necessary Uz{l) gauge multiplet is not added by hand but is automatically included in our 
case as a multiplet containing the gravi-photon field A^. 

Explicitly we proceed as follows. In the original supersymmetry transformation law 
(|B-15D of the hypermultiplet in 6D, we first make all the Weyl multiplet and transformation 



parameters z independent, while keeping only the hypermultiplet members z dependent. 
Even at this stage, clearly, we still have the same form for the supersymmetry algebra as 
the original 6D form (B-16), in which is the non-closure function on C° given in (B-17). 
However, as shown by Eq. (B-18), -T" still closes under the superconformal transformations, 
together with C°, also defined in (B-17). We note that in deriving these transformation 
laws, the only property required for dz is that it commutes with all the other transforma- 
tions Xa- Therefore, even if the fifth spatial derivative dz is replaced by the central charge 
transformation Z everywhere in these^ exactly the same form for the transformation laws 
will hold, provided that Z is actually a central charge. At this stage, the 6D supersymmetry 
transformation becomes 



{e = e{x) : 2;-independent) (4-1) 



However, then, the conditions F'^Iq^^z = and C^Iq^^z = are no longer the on-shell 
conditions but become merely defining equations for the central-charge transformations ZC^ 
and Z{ZAf) in terms of the other fields. Since the 'on-shell condition' Cf = for the 
boson Af is second order in dz, there appears no constraint on the first central charge 
transformation ZA", so that it defines an auxiliary field 

^ aZAt, (4-2) 

which is necessary for closing the algebra off-shell and balancing the numbers of boson and 
fermion degrees of freedom. The factor of the 'dilaton' a is included to adjust the Weyl 
weight of JF" so as to have w^J^") — w{A") = 1, for convenience. 

* The other way around, it is also well-known to treat the central charge by introducing an extra 
coordinate z. 
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The superconformal transformation Xa of JF" can be found from the requirement that 
Z commutes with all Xa as XaJ^" = Z{XAOiAf). This guarantees the central charge 
property [Z, Xa\ = on This property holds also on and JF" if their central-charge 
transformations Z^" and ZjF" = aZ{ZA") are defined by -T^la^-^z = and C"\q^^z = 0, 
as above. This is the case because the set of conditions r'" = and = is invariant 
under the superconformal transformations. For later convenience, we note that F"" contains 
two dz terms, —lYdzC"" — {dzA'j)ipl, so that 6z( determined by r°'\Q^^z = can be 
written using 7^7^ = g^^ in the form 

SzC = -i{gn~'l\r^ - l^\ot-^^^ - + ^^C". (4-3) 

Next we fix the gauges of A^^s, and as done above, and then the supersymmetry 
transformation ^qie) in 5D is given by Eq. (2-21), where ^q[e) is the 6D supersymmetry 
transformation with dz replaced by Z, given in ([4 -11) . The relations between the covariant 
derivatives in 6D and 5D are given exactly by Eq. (2-38). Here also, it is convenient to lower 
the Weyl weight of the hypermultiplet in 5D by 1/2 from that in 6D by multiplying each 
component by oT^I'^ . Doing this, the Weyl weights of the hypermultiplet members become 
those given in Table 

The supersymmetry transformation law for the 5D hypermultiplet determined this way 
is given by 

= 22£^C , 

5Ca = -VA\ei + r^ii + 'iUjs'Ai + gMj'e'Aip + j^i-F[A)eiA\ + i-veiA\ , 

+ 2A\xi - 9Ma% + 2gf]\('Api) . (44) 
The central charge transformation law is 

a6z{e)A!^ = er^, 

+ 2A^^x^ - gMJCp + 2(?f2*/^^.) , 

+ 2gfjMjA^f, - g^MjMp-'Ai^ - 2fjJ^i + 2gMjrp) . (4-5) 

One should note that the covariant derivatives T)a here as well as in (4-4) contain also the 
covariantization term —Sz{Aa) with respect to the central charge, so that these definitions 
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of 5z{d)Ca and 6z{6)J^a by the second and third equations of (4-5) are recursive. However, 
they can easily be solved algebraically; for instance, the second equation gives 

+ 2^^Xi - 9MJC/3 + ^gn^^Api) , (4-6) 
where V'^ denotes a covariant derivative with the —Sz{Aa) term omitted. 

4.2. Hypermultiplet action 

Note that we did not actually have to throw away the z dependence of the hypermultiplet 
in the above 5D supersymmetry transformation. If z is retained, it merely represents a 
continuous label of an infinite number of copies of the 5D hypermultiplets which all transform 
in the same way. 

In 6D, the action 5*0 for the hypermultiplet was constructed in the form 

So^ j d^x I dz ee {A^djc'^^ + 2{C - ii'l'y''At)da^rp}, (4-7) 

so that the equations of motion give the desired 'on-shell' conditions = Cf = 0, where 
eg is the determinant of the sechsbein and d^^ is a G-invariant tensor. This action is fully 
invariant under the original superconformal transformation in 6D. 

Here, in the action, let us take all the Weyl multiplet (and transformation parameters) 
to be z independent, while keeping the hypermultiplet z dependent and using the original 

and Fa, in which dz are not replaced by Z. Then, the action represents an action for 
the infinite copies of the 5D hypermultiplets labeled by z, but is, of course, not invariant 
under the above 6D supersymmetry transformation SqIe) with dz replaced by Z, since, for 
instance, it contains no auxiliary field T^. However, we can make it invariant with a small 
modification as follows. 

Prom our knowledge of global supersymmetric theory, we expect that the 
quadratic term dzAfda^dzA^i^ does not appear in the action and that the auxiliary field 
appears as a replacement of adzAf. Thus we are led to trying the following action 
(before doing the overall rescahng of the hypermultiplet by the factor a~^^'^): 

S = So + Jd'xjdz [-e^g'\a-^Tt - dzAt)dJ{a-'^ - dzA^^)}. (4-8) 

Indeed, then the added quadratic term in a~^T" — dzAf exactly cancels the quadratic 
term +eQg^^dzAlda'^dzA^f3, which is contained in the first term eeAfda^C'p in 5*0 after a 
partial integration. To show that this action S is indeed invariant under the the above 
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supersymmetry transformation S_q{6) ([4-1| ), we note that S_Q{e) transformations of = 
^-ij^a — dzAl = {6z — dz)Af and e^g^^ are given by (in 6D spinor notation) 

5 = 2ei{6z - dz)C = -2z{gn~%l\r^ - 7^7%^-) , 

SQ{e){e,g^') = -2ze,g''ej^a + ^le^ei'V = 2te,eY^^'i/j^, (4-9) 

and that the difference between the above Sqle) transformation and the original 6D super- 
symmetry transformation SQ^{e) exists only in the field: 

S'{e)C = il'e'T^ , = , 5'(e)(Weyl muhiplet) = . (4-10) 

If we use these equations together with the original action invariance 5q^(£)5'o = and 
5Sq/5C,°' = Ae^da^ Fjs, we can immediately confirm the invariance of the action ( [4 -81) under 
5_Q{e). Use has also been made of the relation Tfda^Tp = ^S'^^T^da^ T^. 

Since the action ( |4-8|) is invariant under 5_Q{e), as well as all the other 6D superconformal 
transformations with ^-independent parameters, it gives, after fixing the gauges of Mabi 
and Ka, an action that is invariant under the 5D supersymmetry transformation ^^(e) given 
by Eq. (2-21). Invariance under the central charge transformation 5z also follows from the 
[5q, 5q\ algebra (2-45) and invariance under all transformations other than 5z- 

The action ( [4 -81 ) contains an infinite number of copies of the hypermultiplets. However, we 
can compactify the z direction into a torus of radius R and Fourier expand the hypermultiplet 
fields 0" = {Af, C"; ^t) i^to cosine and sine modes as = Z]n(0c"^"(^) cos{nz/R) + 

(pMo'l^x) sm{nz/ R)). Then, clearly, each set of components, and 0^"^", with the label 

n separately gives a 5D hypermultiplet closed under the 5D supersymmetry transformation, 
and moreover, the multiplets with different labels n are also separated in the action ( [4 -81) , 
which is (homogeneously) quadratic in 0, as a result of the conservation of momentum 
Pz = n/R. The cosine and sine modes with the same label n mix with each other in the 
terms containing (9^0 in the action. Therefore we can retain only the modes with an arbitrary 
single label n to be consistent with invariance. The terms containing no dz give the same 
forms of kinetic terms for the cosine, (p'^J^^ and sine, modes (actually, also independent 
of n), and the terms containing 9^0 gives mass terms between 0^"^ and 0^"-'. Since the mass 
square is = {n/R)"^ and i? is a free parameter, the kinetic terms and the mass terms 
give separately invariant actions. Thus, taking also account of the overall rescaling of the 
hypermultiplet by the factor a"^/^, we first find the action formula for the kinetic terms of 
the hypermultiplet, which takes the same form as the ^-independent n = mode, 

^kin = / d'xe{AtdJc'; + 2(c - ^i^lrAt)dJ^;, 
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-g'^a-^J't - d,Ar)dJ{a~'rf, - d^A"^)}, (4-11) 

where the prime on C^* and is a reminder that the terms in them are omitted, although 
they vanish automatically, because the fields are now 2;-independent 5D fields. The mass 
terms, as they stand, are the transition mass terms between the two hypermultiplets 0" and 
0" (suppressing the label n). However, if there is a symmetric G-invariant tensor 77^^ = rj^a, 
then we can reduce them to a single hypermultiplet by imposing the constraint 

0: = (rf-i)" • (4-12) 

This constraint is consistent with G-invariance, and hence with supersymmetry. The terms 
containing dz in the action ( |4-8| ) have the form (j)dz4>, which is rewritten, after substituting 
(f)°'{x,z) = cos{nz/R) + ^"(a;) sin{nz/R), performing the z integration, and imposing 

the constraint (|4-12| ), as 

cf>dzcP ^ (n/R) {rcdap<P^s - €do.p4>?) = 2{n/R) (^^r^^/,^^) . (4-13) 

Using this rule and collecting the (j)dz4> terms in the action ( [4- 81 ), we find the action formula 
for the hypermultiplet mass term to be 

- #^7^'>^Um^ft- + (444) 

where is the covariant derivative with respect to the homogeneous transformations 
Mab, D, and G. The action formulas (4-11) and (4-14) are written using the 6D notation 
(for, in particular, the spinors and covariant derivatives), and are generally valid indepen- 
dently of the choice of the Ma5, and Kg. gauge- fixing conditions. More explicit expressions 
for them, valid in the present gauge-fixing and completely written in 5D notation, will be 
given in the forthcoming paper. 



§5. Embedding and invariant action formulas 

5.1. Embedding formulas 

We now give some embedding formulas that give a (known type of) multiplet using a 
(set of) multiplet(s). First, however, we discuss the important point that there is a vector 
submultiplet in our 5D Weyl multiplet. 

When going down to 5D from 6D, there appeared a new set of fields A^, ip^ and a from 
the fifth spatial components of the vielbein and Rarita-Schwinger fields in 6D. It is natural 
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to wonder if they might give a submultiplet in the 5D Weyl multiplet. Indeed this is the 
case, and we can easily check that the gravi-photon and the dilaton a = have the same 
transformation law with the usual matter U{1) vector multiplet with the identification 

{W^, M, n\ Y'^) = {A^, a, 0, 0). (5-1) 

We suspect that ■^s would have appeared as the i? component of this multiplet if ip^ were 
not set to zero as the S gauge-fixing. We refer to this vector multiplet as a 'central charge 
vector multiplet'. 

Now we give an embedding formula of the vector multiplets into a linear multiplet. 
The index A labels the generators {t^} of the gauge group G, which is generally non-simple. 
This formula exists for arbitrary polynomials /(M) of the first components of V"^, as 
long as the degree of / is two or less: 

f{M) = /o + JoaM^ + i/oAsM^M^. (5-2) 

For such a polynomial /, we can identify the following linear multiplet: 

= -m + fA [{f - \i-v)n^' + f^n^^ - g[M, nY) 

- fAB {{\-/-Giw)^ - \'pM^)n^' + Y^'^n^i) , 

- tfA^^labcn'^Q) + -^heal>cdeF'>\A)F''%A) 

+ i^eal,cdehAF'>\W)''F''\A) + \eal,cdehABF''\W)''F''\W)'' 

- 2igfA[D, ja^f - 2zgfABf2^1a[M, f2f + gfA[M, P„M]^ , 

7V = -4/(C + 4iy,)-^"^a/ 

+ fA{-2Gab{W)\''' + ^Gab{W)^F''\A) + U'jY^^i 

+ iD^Y'"J^ab{Q) - IQiO^X + 2i^[^, ^f) 
+ fAB{-\G{Wf-G{Wf + ^D'^M^VaM^ - Y^'jY^^i + 2iD^ff2^ 

+ ^n^-fF{A)f2^ - iD^^-vQ^ + 2in^'n^Hij), (5-3) 

where the commutator [X, F]^ represents [X,Y]Ha = X^Y'^[tjj, tc], and 

f = f{M), fA = = foA + foABM^, fAB = Qj^AQJ^B = f^AB- (5-4) 

When the transformation of the lowest component of a linear multiplet takes the form 
2i£^^ip^\ then the supersymmetry algebra (2-45) demands that all the other higher compo- 
nents must uniquely transform in the form given in Eq. (3-5) and that the constraint (3-6) 
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should hold. Therefore, in order to identify all the above components of the linear multiplet, 
we have only to examine the transformation law up to the second component, y)*, since the 
supersymmetry algebra is guaranteed to hold for any function of the vector multiplet fields. 
The transformation laws of the remaining components E"- and A^, as well as the constraint, 
are automatic and need not be checked. 

For a more general function /(M), we cannot satisfy the first component transformation 
form SU^ = 2ie^^Lp^\ Therefore, this embedding is impossible for functions other than the 
polynomial f{M) of degree two. 

In the above derivation we have assumed that the coefficients /o, /oa and /oab are con- 
stants. But actually /(M) should carry Weyl weight w = 2. Thus /o, foA and /oas in fact 
each takes the form const x(a^, a, 1) (and hence f{M) is actually a homogeneous quadratic 
polynomial in a and M). This is consistent since a is covariantly constant and Q invariant. 

If f{M) is G-invariant, the above linear multiplet does not carry any charge. Then, it 
must be possible to rewrite the embedded E"- component into the form ( |3-8| ) in terms of an 
antisymmetric tensor gauge field E'^'^. (Note that the last three terms in Ea of Eq. (5-3) 
cancel and vanish for G-invariant f{M).) In this case, we find 

- 2^/oe^'^'^M,F,.(A) - j^hAt'-'^'^'A^F.^iWY 

- IhABe^'^'-'iW^d.W^ - W.f) . (5-5) 

We next consider construction of a linear multiplet from the product of two hypermul- 
tiplets (^*„, C", ^i) and (^"„, C'°, ^'D- This possibility is suggested by = 2, d = 4 
superconformal tensor calculus. Actually, we find almost the same form of formula to 
hold: 

Ea = {A'J)aA!p: ' {AAl,)A'p, - 2^C7aC^} , 

N = ri^" {-Al^igM * A',)p + {gM * A%A'p, - 2U^A'^A!'p - 2iWp} , 

{{gM * Ar = (5g(M) + 6zia))At = gM'^^A^ + Tt) (5-6) 

where r^"^ is an arbitrary G-covariant tensor. For instance, if 77"^ is proportional to the 
generator matrices (t^)"'^ = P^^{tA)°''y, then this linear multiplet belongs to the adjoint 
representation of G. Note that even in the case that 77°"^ is a G-invariant tensor, this linear 
multiplet still carries a U{1) charge, i.e., it is not invariant under the Z transformation; 
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e.g., 6z{a)L'^-' = ri°'^{J^j^A'p + A^^J^'p). For this linear multiplet, therefore, the 'group 
action terms' hke gMU^ appearing in the supersymmetry transformation law (3-5) should 
be understood to contain not only the usual gauge group G action but also the central charge 
Z action; that is, noting that the vector multiplet associated with the central charge is the 
multiplet (|5-1|), the gM action should be understood to be gM* = 5g{M) + the same 

action as on A'^ in the above. 

5.2. Invariant action formulas 

An invariant action formula exists for the product of a vector multiplet and a linear 
multiplet in 6D, as given in Eq. (B-20). This leads directly to the following invariant action 
formula in 5D: 

e-i£vL = Y'^U, + 2in^ + 2i,l;l^-n^U, + \m{N - 2%^^^\ - 2^7/;^7'^V^'^^,) 

- IWaiE'' - 2zV'fe7'V + 1i^\n'''"'^iU,) . (5-7) 

As in 6D, this 5D action is invariant if the vector multiplet is abelian and the linear multiplet 
carries no gauge group charges or is charged only under the abelian group of this vector 
multiplet. When the linear multiplet carries no charges at all, the constrained vector field 
E°- can be replaced by the unconstrained anti-symmetric tensor gauge field E^^ ^ as shown 
in (^]8|). Using this, the second line of the above action (5-7) can be rewritten, up to a total 
derivative, as 

-iely,(E'^-2^7/>,7^V + 2^V'h"''^^^^J•) ^ ^\f^,,{W)E^\ (5-8) 

In five dimensions, this formula also leads to a simpler invariant action formula. That 
is, we have a special vector multiplet (|5-1| ) in 5D which we call the central charge vector 
multiplet. We can apply (5-7) to this vector multiplet. We then obtain 

(ae)-i£L = AT - 2#b7V - 2<7"V^'^^, - \K{E- - 2#67'V + li^ll^'^'^^iU,). (5-9) 

We may call this a linear multiplet action formula, and essentially the same formula was 
found by Zucker.i* Again, when the linear multiplet carries no charge at all, the above 
rewriting ( p-8D is of course possible, and the formula becomes extremely simple: 

£l = eoi{N - 2#,7V - 2#h"V^L,,) + \f^MW' ■ (5-10) 

These action formulas can be used to write the action for a general matter- Yang-Mills sys- 
tem coupled to supergravity. If we use the above embedding formula (5-3) of vector multiplets 
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into a linear multiplet and apply the last linear multiplet action formula ( p-lOp , then we ob- 
tain a general Yang-Mills-supergravity action. If we use the 'hypermultipletxhypermultiplet 
linear multiplet' formula (5-6) and apply the linear multiplet action formula ( p-9| ), then 
we obtain the action for a general hypermultiplet matter system.B The kinetic term for 
the hypermultiplet {A^, C", ^a) can be obtained if, when using the formula (5-6), we take 
the central-charge transformed hypermultiplet Z{A\, C"; ^a) as (^'^5 C"; -^'D- The mass 
term can be obtained by choosing (^'^, C'"? -^'D = (-^cn C^^^ a symmetric tensor 

?7"^.0) It is interesting to see that these formulas give the same hypermultiplet actions as 
those which we have independently derived from the 6D action in §4. 



§6. Summary and discussion 

In this paper we have derived supergravity tensor calculus in five dimensions using di- 
mensional reduction from the known superconformal tensor calculus in six dimensions. Our 
5D supergravity tensor calculus results from that in 6D by fixing the gauges of the -/Vf^s, 
and Ka symmetries, and so it retains the supersymmetry Q*, the local Lorentz symmetry 
Mabi the dilatation symmetry D and the gauge symmetries of SU{2) Uij, central charge Z 
and a group G transformations. We have derived supersymmetry transformation laws for 
the vector multiplet, linear multiplet, nonlinear multiplet and hypermultiplet. In particular, 
we have made the hypermultiplet off-shell, while it existed only as an on-shell multiplet in 
6D. 

Moreover, we have obtained invariant action formulas and multiplet-embedding formulas, 
which will become useful when constructing a general matter-gauge field system coupled to 
supergravity. Some of these formulas are derived directly from the 6D formulas through 
dimensional reduction, but others are particular to the present five dimensions. 

The presence of the dilatation D in our calculus is extremely useful, because it makes 
obtaining the canonical form of the Einstein and Rarita-Schwinger terms trivial. Usually, 
when we write a general system of matter and gauge fields coupled to supergravity, the 
Einstein and Rarita-Schwinger terms in the resultant action have a non-trivial function 
of fields as their common coefficient. But if we have dilatation symmetry, the coefficient 
function can be set equal to 1 simply as a gauge fixing condition of the D symmetry. 0^ 

In this respect, it might have been better not to gauge- fix the supersymmetry either, 

since the symmetry could be used to eliminate the mixing of the Rarita-Schwinger and 

matter fermions.© However, we have chosen to fix by t/^^ = in this paper to avoid 

* Actually, these two actions for vector multiplets and hypermultiplets do not separately give a consistent 
supergravity action, but they do when combined. This is discussed in a forthcoming paper. EJ) 
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complications in the dimensional reduction. The price we pay for doing this, however, is 
that we need to make some field redefinitions to eliminate the fermion mixing. It is also 
interesting to note that it is actually possible to avoid fixing the gauge altogether (even 
the Ma5 gauge) in the course of the dimensional reduction (i.e., making all the fields z 
independent). Then, the resultant 5D theory would have full 6D superconformal symmetry 
aside from the fact that the 6D GC transformation reduces to the 5D GC transformation 
plus the central charge transformation. This is interesting because there seems to be no 
(global) superconformal group in 5D. 

By using the formulas given in this paper, it is now easy to write down such a general 
matter-gauge field system coupled to supergravity. To obtain such supergravity actions in 
the superconformal framework, we generally need compensating multipletsi^'@) in addition 
to the 40+40 supergravity Weyl multiplet. Our five dimensional theory does not have full 
superconformal symmetries, but its Weyl multiplet is the same size, and it shares common 
properties with the superconformal theory. A different choice of the compensating multiplets 
leads to a different off-shell formulation of supergravities. In the N = 2, d = 4 superconfor- 
mal case, there are three possibilities for the compensator. The first is to use a nonlinear 
multiplet, 0) the second a hypermultiplet,© and the third a linear multiplet.© In the 
d = 6 case, only the third possibility is possible, as described in BSVP. On the other hand, 
here in our 5D case, all three possibilities are possible. The first possibility was investigated 
by Zucker in his tensor calculus framework. However, our experience with = lil^ and 
in d = A leads us to believe that the second possibility is the most useful choice 
for constructing the most general matter (hypermultiplet) system as well as for studying the 
symmetries. We shall carry out these tasks explicitly in a forthcoming paper. 
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Appendix A 
Conventions and Useful Identities 

Throughout this paper we use rjab — diag(+, — , — , — , — ) as the Lorentz metric, which is 
different from that of BSVP but is more famihar to phenomenologists. With this metric, 
the 4x4 Dirac 7-matrices 7" in 5D satisfy, as usual, 

^V + ^V = 27;'^^ {Y)^ = rj,,^\ (A-1) 
We use the multi-index 7-matrices defined by 

ry{n) = ryai-a„ = ^[ai^a2 . . . ^an] ^ J_ ^ (^_l^P^ai^«2 . . . ^a„^ (A-2) 

P=perm's 

where the square bracket [ • • • ] attached to the indices implies complete antisymmetrization 
with weight 1. Similarly, ( • • • ) is used for complete symmetrization with weight 1. We 
choose the Dirac matrices to satisfy 

^ai-a5 ^ ^ai-as^ ^01234 ^ ^ ^^.3^ 

where e"! ' "^ is a totally antisymmetric tensor. With this choice, the duality relation reads 

(5 -n)\ y -1 for n = 2,3 

The charge conjugation matrix C in 5D has the properties 

CT = -C, C^C=l, C^aC-^ = ll. (A-5) 

Our spinors carry the SU{2) index i (i = 1, 2) of Uij. This index is generally raised or 
lowered by using the e symbol e^^ = eij = i{a2)if 

^^' = 6%, A^-^'e^i- (A-6) 

[Note that contraction of the SU{2) indices is always performed according to the northwest- 
to-southeast convention.] All our 5D spinors satisfy the 5'C/(2)-Majorana condition, 

i^' ^ mh' = (V'TC. (A-7) 

When SU{2) indices are suppressed in bilinear terms of spinors, the northwest-to-southeast 
contraction of the SU{2) indices is implied: 

7/57(")A = ^^7^"^^. (A-8) 
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The following symmetry of spinor bilinear terms is important: 

[ -1 for n = 0, 1,4, 5 

If the SU{2) indices are not contracted, the sign becomes opposite. 
We often use the Fierz identity, which in 5D reads 

= -i(A>0 - i(A^7>07a + liX'Y'^'hab. (A-10) 

An important identity can be proved by using this Fierz identity: the antisymmetric trilinear 
in spinors ipi, 'ip2, i^s satisfies 

7>M^27aV^3]) - 4(^2^3]) = 0. (A-11) 

From this identity and with the help of the Fierz identity again, when necessary, various 
identities can be derived and used when proving, e.g., the invariance of the action. Two 
examples are 

= 0. (A-12) 

(Six- dimensional analogues to these can actually be found more easily, from which one could 
derive these by dimensional reduction.) 

A useful formula in treating the SU{2) indices is 

A'^ = -\e''A + A^'^\ = +l5iA + Ag'j, (A- 13) 

where A = A^i and As^j = A^^'^hkj- Often used is the following formula for ^/^i/^a^ A*"^ which 
is valid for any number of spacetime dimensions d: 

C^^^ = (-l)[^/2]+nm^, X icoefficient of x"^ in (1 + x)'*-"(l - x)"}. (A-14) 

More explicit values for ^ in d = 5 and 6 cases are given in Table |T|. 

Finally, we mention the formulas holding for d = Q for the (anti-)self-dual tensor = 
±{l/6)eabcdefT'^'^'^^ , which are useful in the dimensional reduction: 

n± ^,a65T)± f T>± _ 1 ='= 77 



2 

7a7-T± = GT^tcl'""P^, 7[a7-T±76] = -12T^,,J^V^. (A-IS) 
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Table III. The coefficients in tlie formula Eq. (A- 14) for d = 5 and 6 cases. 



d 


= 5 


171 = 1 


m = 2 


d = 


6 


m = 1 


m = 2 


m = 3 


n 


= 


5 


-20 


n = 





6 


-30 


-120 


n 


= 1 


-3 


-4 


n = 


1 


-4 


-10 





n 


= 2 


1 


4 


n = 


2 


2 


2 


24 


n 


= 3 


1 


4 


n = 


3 





6 






Table IV. Correspondence between the notation of BSVP and that used here. 



BSVP 


Ours 


d, 

5ab 
7a 
= ^ 

77 = «7l7273747576 
^abcdef (ei23456 = +1) 


or —x^ 
or —d^ 

-Vab 

—27" or i'ja 

—il"'da = 

77 = 7o7i72737475 
-leabcdef or -^e"/ (^012345 ^ 


Superconformal generators Xa 


Pa, Q, D, Ka 
Mat, U, S 


P„, (1/2)Q, D, -Ka 
Mat, {1/2)U, (1/2)5' 


Gauge fields (the same rules for i?^^ and transformation parameters e^) 


^% V^M, K 
ahc 


e-, 2ij„ b„ -f; 
uf, Wi^, 2ct>, 
T-,, or -T-'^ 



Appendix B 

6D Superconformal Tensor Calculus and Correspondence 

Since our notation and, in particular, metric convention are different from BSVP, we here 
summarize the results of BSVP for 6D superconformal tensor calculus for the parts we need 
in this paper using our notation. For reader's convenience, we also give the correspondence 



between the BSVP notation and our notation in Table In this appendix, we omit the 
underlines that indicate six dimensional quantities. 

The local superconformal tensor calculus is constructed generally by deforming the Yang- 
Mills theory based on the superconformal group. S'©' 0' '111' In 6D, the superconformal 
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Table V. Weyl multiplet. 



ntilQ 


type 


restrictions 


SU{2) 


vveyi-weignt 




boson 


sechsbein 


1 


— i 




lermion 


-fjipj, = 


2 


1 
2 


V 


boson 


yij ^ yji ^ _Y* 


3 


u 




boson 


real 


1 


n 
U 


aoc 


brmon 

UKJOKJll 


'p— 1, n^—def 1 

-'afec ~ Q^abcdef-L ^ 


1 


A 


ici ililUli 


liX' = +x' 


2 


3 
2 


D 


boson 


real 


1 


2 






dependent gauge 


fields 






boson 


spin connection 


1 





0M 


fermion 




2 


1 
2 




boson 


real 


1 


1 



group is OSp{6,2\l), whose generators are given in Eq. (p-l|), and the algebra is deformed 
by imposing the following three constraints on the curvatures: 

i?^/(P) = 0, 

R,.'''{M)e\ - T-,J-^'^ - ^e/D = , 

7'^VW) = ^7.X^ (B-1) 

Note that the R^uiX.^ are the covariant curvatures of the resultant algebra, but not of the 
original superconformal group. 

B.l. Weyl multiplet 

As mentioned in Eq. ( |2-3| ), the d = 6 Weyl multiplet consists of 40 Bose plus 40 Fermi 
fields, whose properties are summarized in Table |V]. The M, K and S gauge fields uj^°-'^, 
and (jf^ become dependent fields by the constraints (B-1). For example, the u^^^ is given as 
follows by solving the first constraint R^p"'{P) = 0: 

^0 ab ^ -2e''i-d^^ejf + e^["e^l'^e/9,e.e . (B-2) 

The gauge fields of the Weyl multiplet transform under the Q, S and K transformation 
S = e'Qi + ff S, + e^K, = + 5s{v) + ^KiU) as 

6el = -2ie^y,, 
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Sep; = if.^^as' - U^^'l, - li,r')Ra,',iUy 

- ^{f^-T-)^,e' + ^7,x* £7>^ + V^r^^ - i^Kia^'^ , (B-3) 

where the derivative is covariant only with respect to the homogeneous transformations 
Mab, D and Uij (and G for non-singlet fields under the Yang-Mills group G). These ho- 
mogeneous (i.e., Weyl weight w = 0) transformations Mab, D and Uij are self-evident from 
the index structure carried by the fields; our conventions are 

5M{X)r = ^\<P\ hiW^ = IX^'lab^ (^ : spinor), 

dcit^" = t'^/j/, SD{p)(f) = wpcj) {w ■ Weyl weight of 0). (B-4) 

The Q, K transformation law of the 'matter multiplet' is 

5x' = l{V,i-T-)Ye' + l^-R',{U)e^ + \De^ + i^-T-r^' , 

5D = -2iefx-'^nx- (B-5) 



The algebra ( |2-22| ) of these transformations is given explicitly by 



[5q(^i), 5q(52)] = + hiiicT-'''') + 5s{ii^'l,x') 

- 6k {l^bAT"'"' + isCD) , ( r = 2z{e,re2) 
Mv), W] = 5n{-2e7i) + (5m(2£7'^^) + ^^(-SeV)) , 
[^s(r/i), 5s(r/2)] = 5i,(2zr/i7%) . (B-6) 

This algebra can be read directly from the structure functions which appear in the transfor- 
mation laws (B-3) of the Weyl multiplet gauge fields (cf. Eq. ( p-24| )). 

B.2. Vector multiplet 

The vector multiplet components are summarized in Table ^ and they are all Lie- 
algebra valued; e.g., represents the matrix W^^p = W^/(^a)"/3, where the tA are the 
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Table VI. Matter multiplets. 



fields 


type 


restrictions 


SU{2) 


Weyl- weight 


Vector multiplet 




boson 


Yang-Mills gauge boson 


1 







fermion 




2 


3 
2 


Y- ■ 


boson 


yij _ yji — _Y* 


3 


2 


Linear multiplet 




boson 




3 


4 




fermion 




2 


9 
2 




boson 


real 


1 


5 


Nonlinear multiplet 


a 


boson 




2 





X' 


fermion 




2 


1 
2 


Va 


boson 


real 


1 


1 


Hypermultiplet 


A' 


boson 


= e'^A^^pp. = -{Atr 


2 


2 


Ca 


fermion 


llCa = -(a 


1 


5 
2 



(anti-hermitian) generators of the gauge group G. The Q, S, K gauge transformation law 
is 

6Y'^ = 2ie^''pn^^ + Af]^'n^^ , (B-7) 

where the covariant field strength is F^y(W) = F^i^(W) + Aiip^^'^y^Q^ with F^y{W) = 
2d[fj,Wu] — g[W^, Wu], and is covariant also with respect to G. 

B.3. Linear multiplet 



The linear multiplet consists of the components given in Table 0, and they may generally 
carry non-Abelian charge. Their Q, S, K transformation rules are 

6V^ = 2e(V^'^ , 

Sipi = -ipV^Ej + fT^^'^a - 8U^r]j , 
6Ea = 2e7„fe'r'V - j^E'jal-T'ip - '^it'^aX'Lij 

- Mgeaa^jL'^ - l^i^la^ ■ (B-8) 
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Closure of the algebra requires the following Q- and S-invariant constraint: 

V^Ea + + ^9^^ + '^gY^'Li, = . (B-9) 

B.4. Nonlinear multiplet 

The nonlinear multiplet consists of the components listed in Table |V^. Their Q, S, K 
transformation rules are 

- 2eaa^'aP'^'^X' - Aige'iaf^^p'Pi^^ - 2zr/7,A - 8^Ka • (B- 10) 

(We stick to the group transformation convention in (B-4), so that the sign of g here is 
opposite to that of BSVP.) Closure of the algebra requires the following Q-, S-, 1^-invariant 
constraint: 

V'^Va + ID- ^VVa + W'J)a<^t + '^^^fX - " |A7-T-A 

+ 2iy^^if$]X^ + 2gYij'l<P'J>^^ + SgX^^j^p^i^^ = . (B- 11) 

B.5. Hypermultiplet 

The hypermultiplet in 6D is an on-shell multiplet consisting of scalars Al, and negative 
chiral spinors (a- They carry the index a (= 1, 2, ■ ■ ■ , 2r) of the gauge group G, which 
is raised or lowered by using a G-invariant tensor (and p"^ with p^'^p^^p = 6"^) like 

= A'f^pf3a- The tensor Pafs can generally be brought into the standard form 



Pa/3 



e 

V ■■•/ 



The scalar field A^^ also carries the superconformal SU{2) index i and satisfies the reality 
condition 

^1 = e*M,%„ = -{Atr, Ao. = {An\ (B-13) 

so that A\ can be identified with r quaternions qi = qf + iqf + jqf + kqf (/ = 1, ■ ■ ■ ,r); 
indeed, by the above condition, the l-th 2x2 matrix (^^^2/-i! 

Ai 

=2i) can be written in the 
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form qil2 + iqi<Ji + iqfa2 + iqicr3 with Pauli matrices di, (J2 and a^. Thus the group G acting 
on the the hypermultiplet should be a subgroup of GL{r; H): 

= p^^t\p'P = -{e^y. (B-14) 

The Q and S transformations of the hypermultiplet are given by 

6Ai = 2eXa, 5C = ipA'^e' + 4:Ay . (B-15) 

With these rules, the superconformal algebra (B-6) is not realized on (a- 

[5q(£i), 5q(£2)]C = [RHS of Eq. (B-6)]C - Ta^" (£17%). (B-16) 

Therefore, F"' = should be an equation of motion for for the algebra to close on-shell. 
This fermionic non-closure function F'^ closes under the superconformal transformations 
together with its bosonic partner Cf : 

r» ^ -tfc - Ia]x' + J2I ■ T-C - 'ig^^'^pA^, 

C- ^ ^-V-V^ + \d)A^ + \CX^ + 4^/A"/3C^ - 2^7F,/^^^^ (B.17) 
5F" = -Cte' + Z7'^7'^r" (57,^'^), 

5Cf = -2ie0)F'' - 2(V^^,7>;)(£^7,r") + 4r/,r°. (B-18) 

Here, since the algebra does not close on r'" either, the covariant derivative acting on 
r'" is defined, slightly differently from the usual definition ( p-23| ), to be 



p^r- = p^r" + cf^; - i^7''7"^°(^M7aV^.), (b-i9) 

so that T>f^F°' becomes covariant. 

B.6. Invariant action formulas 

The action for the product of a vector multiplet and a linear multiplet, 

e-^£vL = Y'^L,, + + 7,f2,L^^' 

- ^Wa{E^ - 2V^,7^V + 2zi:lj^''ijiL,,) , (B-20) 

is superconformal invariant if the vector multiplet is abelian and the linear multiplet carries 
no gauge group charges or is charged only under the abelian group of this vector multiplet. 

The invariant action for the hypermultiplet, which gives as the equations of motion the 
required on-shell closure condition = as well as its bosonic partner = 0, is given by 



e-'C = AtdJCl + 2(C - itpl-f^At)djFp . (B-21) 
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Here da^ is a G-invariant hermitian tensor satisfying 

(da'^y = dp^, daf3 = —dpai {daf3 = da^ p^p) 

t\(i/ + ci„^(r^)* = 0. (B-22) 

It is shown in Ref. that field redefinitions can simultaneously bring p^p into the standard 
form ( [B-12| ) and da^ into the form 

dj= (^^^ (p,g:even) (B-23) 

This property and the condition (B-14) imply that the gauge group G should be a subgroup 
of USp{p, q). 
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